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We investigate the performance of a quantum battery exposed to local Markovian and non-
Markovian dephasing noises. The battery is initially prepared as the ground state of a one-
dimensional transverse XY model with open boundary condition and is charged (discharged) via
interactions with local bosonic reservoirs. We show that in the transient regime, quantum bat-
tery (QB) can store energy faster when it is affected by local phase-flip or bit-flip Markovian noise
compared to the case when there is no noise in the system. In both the charging and discharging pro-
cesses, we report the enhancement in work-output when all the spins are affected by non-Markovian
Ohmic bath both in transient and steady-state regimes, thereby showing a counter-intuitive advan-
tage of decoherence in QB. Among all the system parameters, we find that if the system is prepared
in the paramagnetic phase and is affected by the bit-flip noise, we get the maximum improvement
both in Markovian and non-Markovian cases. Moreover, we show that the benefit due to noise
persists even with the initial state prepared at a moderate temperature.
I. INTRODUCTION
With the progress of civilization, modern gadgets like
medical aids, cooking and entertainment devices, com-
puters, mobiles play a crucial role in fulfilling our daily
necessities. The smooth running of most of these ap-
pliances require an energy storage device, e.g. batteries
which are typically of the electrochemical type, convert-
ing chemical energy to the electrical one. Due to the
limitations in the availability of conventional resources,
it is of prime importance to improvise a novel kind of
resource, keeping in mind the constant efforts to scaled-
down the appliances. Both the purposes in terms of effi-
ciency and miniaturization can be achieved by developing
technologies based on the quantum mechanical descrip-
tion of nature [1].
Towards this aim, it is natural to build a quantum-
version of a battery [2, 3]. Such a consideration is also a
part of an active field of research, called quantum ther-
modynamics [4, 5], which for example deals with whether
thermodynamical principles maintain their validity or get
modified in the quantum mechanical domain or not. On
the other hand, it has also been established that quan-
tum properties, like coherence [6], entanglement [7, 8],
quantum discord [9] can be used to successfully design
devices to enhance the capability in communication [10],
computation [11], optimal control [12] etc.
The idea of quantum batteries has been introduced
with the aim of obtaining advantages in the process of
charging and discharging them. It was shown [2] that
the entangling operations are required to enhance ex-
tractable work stored in a quantum battery (QB) which
consists of an arbitrary number of independent and iden-
tical quantum systems. Interestingly, it was observed
that the required entangling operations do not necessar-
ily generate entanglement in the system to maximize the
storage of energy [13, 14]. Moreover, there can be a model
of QB from which a high amount of power-extraction is
possible without generating entanglement in the system
[15]. Although resources responsible for showing quan-
tum advantages in QB is not properly understood, it is
clear that the battery made on the principles of quantum
theory can accomplish the need of current development
in technologies and hence characterizing it via the vari-
ous figures of merit is essential. Towards implementing
quantum batteries in realizable systems, solid-state QB
employing Dicke state has been prescribed [16] where ex-
tensive quantum advantage has been obtained due to the
interaction between the system and the common reser-
voir, induced by collective charging compared to parallel
charging of the qubits. In a similar spirit, ordered quan-
tum spin chain which can be charged via a local magnetic
field has been shown to be a potential candidate for QB
[17, 18]. Recently, some of us have shown that disor-
dered interactions, instead of having detrimental effects,
can enhance the extraction of power from the QB [19]
(see also [20]).
During the charging-discharging process of QB in lab-
oratories, one of the possible obstacles is the decoherence
[21] which can, in general, decrease the performance of
the device. In very recent time, studying the dynam-
ics of QB-system in presence of environment [22–28] has
created lots of attention and has revealed several inter-
esting characteristics including the effect on ergotropy
due to the interplay between a coherent and an incoher-
ent source of the charger, the stability of the battery,
the superextensive capacity of the battery by using dark
states [28], and enhanced charging and preserving of en-
ergy via non-Markovian dynamics [25]. Note here that
states evolved in the presence of non-Markovian envi-
ronment was shown to be useful for generating (or en-
hancing) certain quantum features, necessary for build-
ing quantum technologies [29–41].
In the present work, we consider a one-dimensional
XY spin model with a transverse magnetic field in open
boundary condition as a quantum battery. Every indi-
vidual spin of it is connected to two sets of local bosonic
reservoirs – one acts as a charger while the other one is
an energy extractor during the discharging process. In
addition, we consider dephasing noise which acts locally
on some of the spins or on all the spins of the model.
In a Markovian domain, we find that during the storing
of energy, there exists a crossover time up to which noise
helps to pump more energy in QB compared to that of the
noiseless case, while non-Markovianity further enhances
the capacity of the charging process in the entire time
ar
X
iv
:2
00
5.
12
85
9v
1 
 [q
ua
nt-
ph
]  
26
 M
ay
 20
20
2period. In the later case, the work-gained by the QB
also increases when more number of spins are exposed to
noise.
We analytically show the advantage obtained for
Markovian bit-flip and phase-flip noises when the sys-
tem is prepared in the ground state of the transverse
Ising spin chain of two spin-1/2 systems. We also find
the range of parameters for which bit-flip noise leads to
a higher amount of work than that of the phase-flip ones.
We observe that the bit-flip noise performs better if the
initial state is chosen from the paramagnetic phase com-
pared to that of the antiferromagnetic one, both in the
presence of Markovian and non-Markovian noises. In
both the noisy scenarios, the enhancement per spin is
independent of the system size. During discharging, non-
Markovian noise turns out to be more efficient than that
of the Markovian dynamics as well as in the absence of
noise. Moreover, we notice that the superiority of noise
can be obtained both for the ground and the canonical
equilibrium states having moderate temperatures as the
initial states.
The paper is organized as follows. In Sec. II, we dis-
cuss the formalism of quantum battery and its dynamics
considered here. The consequence of Markovian noise on
power of QB consisting of two spins is studied analyti-
cally in Subsec. III A while we present the results about
the effects of other parameters and Markovian noise on
work and power of QB having more number of spins in
Subsec. III B. Sec. IV deals with non-Markovian noise
and its advantage in the power generation and extraction
of QB. Finally, we end with concluding remarks in Sec.
V.
II. QUANTUM BATTERY EXPOSED TO
NOISY ENVIRONMENT: PRELIMINARIES
A quantum battery is a collection of a N -body system,
used to store energy, which can be extracted in a suitable
later time. Sepcifically, the ground or the canonical equi-
librium state of an interacting Hamiltonian, HB , can be
chosen as the initial state (ρ0) of the battery. If we as-
sume, the QB and the charging device which can be a lo-
cal magnetic field are isolated from the environment, the
charging-discharging process of QB can be well-described
by the unitary dynamics [17–19] and after a certain time,
t, total work-gained by the QB can de defined as
W (t) = Tr(HBρt)− Tr(HBρ0), (1)
where HB is the Hamiltonian of the QB, and ρt = Uρ0U†
is the time-evolved state of the battery with ρ0 being the
initial state. Note that extracting power from the QB in
this scenario is the reverse process of the charging one
which will not be the case for open quantum dynamics.
In this paper, we mainly focus on the effect of envi-
ronment on the generation (and extraction) of power in
the QB. The Hamiltonian of an interacting quantum spin
model considered as a battery can be described as
HB =
h
2
N∑
j=1
σzj +
J
4
N∑
j=1
[(1 + γ)σxj σ
x
j+1 + (1− γ)σyj σyj+1],
(2)
where σis, i = x, y, z are the Pauli spin matrices, N is
the total number of spins, h and J respectively represent
the strength of the magnetic field and nearest-neighbor
coupling constant, and γ ≥ 0 is the anisotropy parameter
[42]. The model undergoes a quantum phase transition at
λ ≡ Jh = 1 – it is in a paramagnetic phase when |λ| ≤ 1
while in an antiferromagnetic phase with λ > 1 and a
ferromagnetic phase with λ < −1.
During the charging process, the QB is attached to a
set of local bosonic reservoirs, which acts as an absorption
channel responsible to supply energy to the system. Af-
ter the completion of the charging process, i.e., when the
energy in QB does not change with time, the discharging
process starts, when the spins of the QB are attached to a
different set of local bosonic reservoirs, which extracts the
energy by acting as a dissipation channel. Moreover, dur-
ing these two processes, each spin of QB can be exposed
to dephasing noise – (a) phase-flip and (b) bit-flip noise.
Therefore, the reduced dynamics of QB can be described
by Lindblad-Gorini-Kossakowski-Sudarshan [21, 43, 44]
master equation as
dρ(t)
dt
= −i[HB , ρ(t)]
+
∑
k
γ(k)(Lk,jρ(t)L
†
k,j −
1
2
{L†k,jLk,j , ρ(t)}),(3)
where the dimension of γ(k)s are chosen to be in the units
of inverse of time to make Lindblad operators, Lk,js, di-
mensionless. There are three kinds of Lk,j applied at the
j-th spin, given by
L1,j = σ
+
j , L2,j = σ
−
j , L3,j = σ
i
j , i = z, x, (4)
for absorption (during charging process), dissipation
(during discharging process) and dephasing channels re-
spectively, and the corresponding coefficients read as
γ(1) = Γabs, γ(2) = Γdis, γ(3) = Γ
i
dph i = z, x, (5)
where σ+ = σx+iσy2 , σ
− = σx−iσy2 and Γabs, Γdis and
Γidph, i = x, z denote respectively the rate of absorption
when QB consumes energy from the charger, the rate of
dissipation during discharging, and the strength of the
dephasing noise.
We consider two scenarios –
Case 1. Time-independent case. Each spin of QB inter-
acts with the bosonic reservoirs, and at the same time,
with local dephasing noise, either in the x or in the z-
direction. All the γ(k)s are time independent. The dy-
namics of QB in this case is Markovian.
Case 2. Time-dependent noise. γ(k), k = 1, 2 are con-
sidered to be time independent but the strength of the
dephasing noise, i.e., γ(3) is taken as a time-dependent
variable, leading to non-Markovian effects in dynamics
which will be discussed in details in the succeeding sec-
tion.
3Fixing a proper initial state of the QB, the time-
evolved battery state, ρt at a given instance of time can
be obtained by solving the master equation, given in Eq.
(3), and hence the total work-output of the QB affected
by noisy environment can also be computed by using Eq.
(1). To quantify the rate of change of work, we also in-
vestigate the instantaneous power, defined as
Pins = lim4t→0
|W (t+4t)−W (t)|
4t = |
dW
dt
|. (6)
III. NOISE-INDUCED ENHANCEMENT IN
QUANTUM BATTERY WITHOUT MEMORY
We will now show that Markovian noise can help
to give certain improvement in the charging-discharging
duo. In Subsec. III A, we will analytically show that
when QB consists of two spins, both phase-flip and bit-
flip noise acting on QB can give increment in total work
during the initial periods of the charging process com-
pared to the scenario where the noise is absent. We
will then report the superiority of noisy QB consisting
of higher number of spins even in presence of Markovian
noise in Subsec. III B.
A. Noise-assisted battery made up of two spins:
Markovian regime
Let us suppose that quantum battery consists of two
spin-1/2 particles, described by the Hamiltonian in Eq.
(2) with unit anisotropy, γ = 1, i.e., the transverse Ising
model. The battery is initially prepared as the ground
state of the model. Let us first concentrate on the QB
when phase-flip channel acts on each spin of the battery
independently. In this case, we obtain the following re-
sult:
Theorem 1 In the transient regime, the work-gained by
the QB with the help of local bosonic reservoirs is higher
in presence of local phase-flip noise than the one without
the influence of noise.
Proof. The master equation in Eq. (3) for the noise in
the z-direction can explicitly be written as
dρ
dt
= −i[HB , ρ(t)]
+ Γabs[(σ
+ ⊗ I)ρ(t)(σ− ⊗ I)− 1
2
{(σ− ⊗ I)(σ+ ⊗ I), ρ(t)}
+ (I ⊗ σ+)ρ(t)(I ⊗ σ−)− 1
2
{(I ⊗ σ−)(I ⊗ σ+), ρ(t)}]
+ Γzdph[(σz ⊗ I)ρ(t)(σz ⊗ I) + (I ⊗ σz)ρ(t)(I ⊗ σz)− 2ρ(t)],
(7)
where the charger and the noise act locally. Let us con-
sider the density matrix of the initial state, ρ0, of the
battery as the ground state of the HamiltonianHB , given
by
ρ0 =

p2
(1+p2) 0 0
p
(1+p2)
0 0 0 0
0 0 0 0
p
(1+p2) 0 0
1
(1+p2)
 , (8)
where p = 4(h+e0)J and e0 = −
√
h2 + 5J
2
8 is the ground
state energy of HB . Solving Eq. (7) (see Appendix A),
we can obtain the time-evolved state of the battery, ρt.
Since the two-body Ising Hamiltonian of the QB in the
computational basis takes the form of a “X”-matrix, given
by
HB =

h 0 0 J4
0 0 J4 0
0 J4 0 0
J
4 0 0 −h
 , (9)
a compact form of extracted work in presence of phase-
flip noise can be computed analytically. Since we want to
calculate the effects of noise on the dynamics ofW (t), we
denote the quantity as W (Γzdph), omitting its functional
dependence on t from notation. The straightforward cal-
culation leads us to
W (Γzdph) =
e−tΓabs
4ΓzdphA
×
[2JpBΓzdph + h{Jp(B − 1) + 4Γzdph(etΓabsA− 2)}],
(10)
with A = (1 + p2) and B = e−4tΓ
z
dph . On the other hand,
in the noiseless case, i.e., for Γzdph = 0, the extracted
work, W (Γzdph = 0), is given by
W (Γzdph = 0) = h+
e−tΓabs [Jp− 2h(2 + Jpt)]
2A
. (11)
By subtracting Eq. (11) from Eq. (10), and expanding
them around t = 0, we get
δadvph-f ≡W (Γzdph)−W (0) = −
8Γzdph(1 + e0)t
(1 + p2)
+O(t2).
(12)
Keeping the first-order term in t (and ignoring the higher
order ones), we find that δadvph-f is a positive number (since
e0 is a negative number and its absolute value is greater
than J), thereby implying the advantage in a noisy sce-
nario than the noiseless one in a transient regime. 
The above theorem shows that after the evolution
starts, noise in the z-direction helps to store more energy
in the QB than that in the noiseless situation. Instead
of phase-flip noise, if both the spins are affected by the
bit-flip noise, the noisy situation still remains advanta-
geous with the restriction in the parameter-space of the
transverse Ising chain as will be shown in the Theorem
below.
Theorem 2 When local bit-flip noise acts on both the
spins of QB which is initially in the ground state of a
transverse Ising chain, the work-gained, in the transient
regime, gives higher value in the noisy case than that of
the noiseless one, provided the initial state is prepared
with λ . 0.89.
Proof. For bit-flip noise, we can rewrite the master equa-
tion as in Eq. (7) by replacing σz by σx and the strength
of the noise by Γxdph (see Appendix A for details). If we
take the ground state as the initial state of HB , given in
4Eq. (8), and compute the work-output during charging
process, we obtain
W (Γxdph) =
1
4ΓxdphA(Γabs + 2Γ
x
dph)
×
e−t(Γabs+4Γ
x
dph)[A′ −B′e2tΓxdph + e4tΓxdph(C ′etΓabs +D′)],
(13)
where A′ = Jhp(Γabs+2Γxdph), B
′ = 8hΓxdph(Γabs+Γ
x
dph−
p2Γxdph), C
′ = 4ΓabshΓxdph(1 + p
2) and D′ = Jp(Γabs +
2Γxdph)(2Γ
x
dph − h) while the W (Γxdph = 0) is same as
in Eq. (11). In the transient regime, expansion of the
exponential at t = 0 gives
δadvbit-f ≡W (Γxdph)−W (0) = 2Γxdpht
(1− p2)
1 + p2
+O(t2).
(14)
As before, we only keep the above series up to the first
order in t. To get the improvement in energy stored in
presence of noise along the x-direction, p2 should be less
than 1 which holds when 0 < λ . 0.89. Unlike phase-flip
noise, we find here that in the transient regime, the work
can be enhanced in presence of noise when the initial
state is the ground state of the transverse Ising model
with suitably chosen parameters. 
The above two theorems also lead to a comparison be-
tween the work-outputs when the amount of noise ap-
plied to the x- and the z-direction respectively. Sup-
pose the amount of noise in both the cases are same, i.e
Γzdph = Γ
x
dph = Γdph.
Corollary 1 The amount of stored energy in the tran-
sient region is more in case of bit-flip noise than that of
the scenario with the phase-flip noise, provided the ini-
tial state is prepared from the paramagnetic phase of the
transverse Ising chain, far away from the critical point.
Proof. From Eqs. (10) and (13), we immediately find
(up to the first-order approximation of t)
δadvx>z ≡W (Γxdph)−W (Γzdph) = 2Γdpht
(1 + λp− p2)
1 + p2
,
(15)
which is positive only when (1 + λp) > p2. It implies
that more amount of work is generated in the bit-flip
noise than that of the phase-flip ones if λ . 0.62. When
λ & 0.62, noise in the z direction turns out to be more
beneficial than that of the bit-flip one as we will also
see from the numerical simulations with more number of
spins in the next section. 
B. Battery made up with arbitrary spins:
Markovian dynamics
Let us now move to the QB, built up with N(> 2)
number of interacting spin-1/2 particles, governed by the
Hamiltonian, HB . For a better comparison between dif-
ferent scenarios, we normalize the spectrum of the Hamil-
tonian in the rest of the paper as
(HB − e0I)/(emax − e0)→ HB , (16)
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Figure 1. (Color online.) Role of noise-absorption ratio. Con-
tour of δadvbit-f with respect to time, t, (abscissa) and Γ
x
dph/Γabs
(ordinate). Different contours represent the fixed value of
δadvbit-f. Here N = 4 and the initial state is in the ground state
with λ = 0.5. All the quantities are dimensionless.
where e0 and emax are the lowest and highest energy lev-
els of the former Hamiltonian. Due to this normalization,
W is restricted between 0 and 1, fixing the unit of energy
as well as of time, irrespective of the system parameters.
In this subsection, our aim is to confirm whether the
results obtained in the previous subsection with two spins
also hold when the number of spins in the QB increases.
To find the optimal work-gained or instantaneous power
of the battery, we have to set all the parameters involved
in the charging-discharging process in a proper manner.
From the set-up of the problem, we find thatW is a func-
tion of λ, γ,Γabs,Γidph, (i = x, z), apart from its depen-
dence on time. To choose parameters suitably, we now
carefully analyze the dependence of W on the parameter
space.
Noise-absorption (dissipation) ratio. Let us first iden-
tify the role of Γxdph/Γabs in the charging process. By fix-
ing the initial state as the ground state of the transverse
Ising chain and by choosing λ = 0.5 from the param-
agnetic phase, we investigate the enhancement of work-
output due to the introduction of bit-flip noise, δadvbit−f ,
with the variation of time and Γxdph/Γabs, as depicted in
Fig. 1. The number of spins in the Ising chain is taken
to be four and all the spins are affected by local bit-flip
noise. As shown in Theorem 2, we find that the noisy en-
vironment enhances the amount of stored energy in the
QB at the initial period of time. We also observe that the
amount of increment remains sufficiently high for suffi-
ciently long time when 0.2 . Γxdph/Γabs . 0.4 which can
be referred to as the optimal operating region for the QB.
When the noise is applied in the z-direction, we also no-
tice that with 0.2 . Γzdph/Γabs . 0.4, δadvph−f > 0 although
unlike the noise in the x-direction, the increment is not
prominent in this case. Motivated by these observations,
we have chosen the ratio to be 0.3, for both the noisy
cases, throughout the paper.
Let us now consider other parameter regimes involved
in this problem so that we can identify the exact condi-
tions which lead to the superiority of noise in the perfor-
mance of the QB.
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Figure 2. (Color online.) Variation of W (ordinate) against t
(abscissa). The initial state is prepared as the ground state of
the transverse Ising chain. Left panel is for the charging pro-
cess while the right one is for the discharging case. Plots are
for different number of spins that are exposed to bit-flip noise.
W(0) indicates the noiseless case whileW(i), i = 1, . . . , 4 repre-
sents i number of spins effected through dephasing channels.
To show the advantage obtained by noise in the transient
regime, we plot up to t = 4. Here λ = 0.5, and N = 4.
Γxdph/Γabs = 0.3 (left panel) and Γ
x
dph/Γdis = 0.3 (right
panel). Inset: Behavior of W with the variation of t. t is
chosen up to the point where all of them goes to a steady
state. All the quantities are dimensionless.
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Figure 3. (Color online.) Instantaneous power Pins vs. time
t. All the other parameters and conditions are same as in Fig.
2.
Role of noise on charging-discharging. We first demon-
strate the effects of local bit-flip noise on QB. For ana-
lyzing this, the ground state of the transverse Ising chain
with N = 4 and λ = 0.5 is taken as the initial state of the
QB. To systematically probe the situation, we consider
the cases, when noise acts on i, i = 1, . . . , 4, number of
spins (marked as (i), i = 1, . . . , 4 in Figs. 2 and 3). We
then compare them with the noiseless scenario which is
indicated as W(0) in Figs. 2 and 3. Let us first con-
sider the initial period of time of the dynamics during
charging, i.e., in the transient part of the dynamics. In
this regime, we find a crossover time, tc, up to which we
observe (see Fig. 2)
W(4) > W(3) > W(2) > W(1) > W(0), (17)
where subscripts denotes the number of spins in the QB
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Figure 4. (Color online.) Contour plot of δadvx>z = W (Γxdph)−
W (Γzdph) ( see text ) with the variation of t (horizontal axis)
and λ (vertical axis). All the other parameters are same as in
Fig. 2.
being influenced with noise. We clearly see that for stor-
ing energy quickly in the battery, decoherence outper-
forms over the noiseless case. This can also be perceived
from the behavior of instantaneous power plotted in Fig.
3, although with different tc. Exactly opposite hierarchy
among work-gained emerges when t > tc which include
the region where the system reaches its steady state.
In particular, in this region, noiseless scenario gives the
maximum storage capacity in the QB. In the saturated
cases, energy stored in the battery decreases with the in-
crease of noise in the system. We will show in the next
section that it is possible to overcome this detrimental
picture of a Markovian noisy channel by a non-Markovian
one.
During the extraction of power, the absorption chan-
nels acted on each spin are replaced by the dissipative
ones and local bit-flip noise acts on each spin. In this
situation, battery discharges rapidly in the noiseless sce-
nario, while in presence of noise, it takes a long time
to discharge (see the pattern of instantaneous power in
the right panel of Fig. 3). If we design a device for
which quick extraction of energy from the battery is not
required, dephasing noise turns out to be beneficial as
shown in the right panel of Figs. 2 and 3. Moreover,
more residual energy remains in the battery when noise
increases in the system. Note, however, that in absence
of noise, total extraction is possible only in the asymp-
totic case due to a very slow rate of dissipation, i.e., the
choice of a low value of Γdis = 0.5.
Relation of quantum phases with power of QB. All the
above discussions were restricted to local bit-flip noise.
As shown in Corollary 1 for the battery with two spins,
there exists a range of λ in the paramagnetic regime,
where bit-flip noise in all the spins can produce a higher
work-output than that of the phase-flip ones. Let us now
see if we increase the number of spins whether the picture
remains same or not. We find that this is indeed the case.
To make the comparison more effective, we investi-
gate the trends of δadvx>z = W (Γxdph)−W (Γzdph) with time
and the coupling constant λ of the QB. Note that since
Markovian noise can give advantage only in the transient
regime, we are interested only in that period. Fig. 4
6also depicts that the dependence of time and λ in δadvx>z
is complementary in nature. Let us summarize all the
observations in this respect.
Observation 1. For small values of λ, i.e., when the trans-
verse Ising model is deep into the paramagnetic phase,
the bit-flip noise is always better than the phase-flip one
with respect to storing of energy.
Observation 2. With the increase of λ, the time up to
which δadvx>z remains positive decreases. For example, with
λ = 0.5, it is positive up to t ≈ 2.01 while λ = 0.9, the
time reduces to ≈ 1.0.
Observation 3. If QB is prepared in the antiferromag-
netic phase at t = 0, the phase-flip noise can give more
work-output during charging than the bit-flip one in the
transient regime.
Dependence on anisotropy. Let us justify here the
reason to choose γ = 1 i.e., transverse Ising model for
presenting all the results. When there is no noise in the
system, we can find that the storage of work can increase
with the decrease of the anisotropy in the XY model and
similarly more extraction of energy is possible for low val-
ues of γ. Such a difference wipes out when the noise acts
on the system, i.e., there is almost no difference found in
the behavior of W for different values of γ in presence of
noise, thereby confirming that the results reported here
also hold for other values of γ.
Scale invariance. We can check how the results scales
with the increase of the system-size of the battery. We
notice that after normalizing the Hamiltonian, as in Eq.
(16), the work-gained (or -extracted) or the instanta-
neous power has no qualitative as well as quantitative
change with the increase in the number of spins in the
battery. For example, Pins for N = 2 and N = 8 are
essentially same up to the numerical accuracy of 10−4.
Moreover, a good agreement of the above results for
N = 4 with the Theorems in Sec. IIIA also confirms
the scale-invariance, thereby indicating the validity of all
the results for arbitrary number of spins of the battery.
Finite temperature tolerance of QB under dephasing
noise. Up to now, we prepare the ground state of the
battery Hamiltonian as the initial state. From an exper-
imental point of view, it is not impossible to reach the
absolute zero temperature. Therefore, it is interesting
to check whether the noise-induced performance of QB
persists even in a finite temperature or not. To investi-
gate it, let us take the initial state as the thermal state
of the transverse Ising spin chain which can be repre-
sented as ρβ = exp(−βHB)/Z, with β = 1kBT , T being
the temperature, and kB the Boltzmann constant. Here
Z = Tr(exp(−βHB)) is the partition function of the sys-
tem. Keeping all other parameters unchanged, and by
applying dephasing channels in all the spins in the x-
direction, we study the variation of instantaneous power
of the battery with respect to time. We notice that in
the transient regime, beneficial behavior of noisy scenar-
ios over a noiseless ones remains valid even for moderately
high temperature. In Fig. 5, different lines correspond to
Pins with different values of β. For example, we observe
that there always exist tc below which such an advan-
tage under local Markovian bit-flip noise can be found
for β & 9.4 with λ = 0.5, and Γxdph/Γabs = 0.3 up to
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Figure 5. (Color online.) Behavior of Pins (ordinate in log-
scale) against t (abscissa) for canonical equilibrium state as
the initial state of the battery. Different (solid) lines corre-
spond to different values of β in presence of Markovian noise,
and from top to bottom, β is decreasing. Dot-dashed line
represents the noiseless case with the ground state being the
initial state of the battery. We only consider when the absorp-
tion channel is connected to QB, i.e., in the charging process.
Other parameters are similar to Fig. 2. All the quantities are
dimensionless.
numerical accuracy (see Fig. 5).
Entanglement in dynamics. We compute the nearest
neighbor entanglement, quantified by logarithmic nega-
tivity [45], between spin 1 and 2 after tracing out the rest
of the spins. We find that although the initial state of the
QB is entangled [48, 49], the entanglement of the evolved
state decreases with the increases of time and finally van-
ishes after a short period of time, both in the noiseless
and in the noisy scenarios. Moreover, in the transient
regime, entanglement of the noisy state is less than that
of the noiseless case. Hence in this model, generation of
entanglement in the charging process is not important to
achieve better performances of QB (cf. [28]).
IV. NON-MARKOVIAN NOISE LEADS TO
BETTER EFFICIENCY IN QUANTUM
BATTERY
In the preceding section, we restrict to the time-
independent strength of the Lindblad operators that
leads to the Markovian dynamics of the reduced battery-
system. If this condition is relaxed, and we now want to
see the memory effect in the charging-discharging cycle
of the battery, we consider the evolution of the battery to
be non-Markovian which was shown to increase several
characteristics of quantum states, thereby ensuring the
possibility to increase the efficiency in quantum informa-
tion processing tasks [30–41]. These results motivate us
to study the dynamics of QB in this context.
QB Model. The system still remains the quantum XY
model with a transverse magnetic field. Again each spin
of the battery is connected to bosonic reservoirs for stor-
ing and for extracting energy. Each spin of the battery is
further attached to the dephasing channel which can be
either in the x- or in the z-direction. Unlike Markovian
channel, we assume that the strength of the dephasing
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Figure 6. (Color online.) Pattern of work (y-axis) vs. time (x-
axis). Left and right panels are respectively for charging and
discharging methods. Here, Ohimicity parameter is chosen
as s = 4, λ = 0.5, and Γabs = Γdis = 0.5. Comparing the
above work-output with the one in Fig. 2, we clearly see
that non-Markovianity induces higher storage and extraction
capacities of QB than that of the Markovian noise. All other
specifications are same as in Fig. 2.
channel, γ(3), is time-dependent, i.e., Γxdph(t) (Γ
z
dph(t))
can be characterized by the Ohmic spectral density G(ω)
[38], given by
G(ω) =
ωs
ωs−1c
exp(− ω
ωc
), (18)
with ω and ωc being respectively the frequency and the
cut-off frequency of the reservoir and s is the Ohmicity
parameter. The noise strength reads as
Γdeph(t, s) = (1 + (ωct)
2)−
s
2 Γ(s) sin[s tan−1(ωct)], (19)
where Γ(s) is the Euler gamma function. It can be
checked that when s > 2, the above mentioned dephasing
rate can become temporarily negative and memory effect
assists the back-flow of information from the environ-
ment to the QB, thereby representing a non-Markovian
domain, while s ≤ 2 is the Markovian regime [38]. Im-
portantly, such an environment was shown to be realized
by ultracold atoms [50].
A. Non-Markovian dynamics always enhances the
performance of QB
Charging-Discharging process. Like Markovian case,
the system is initially prepared in the ground of the trans-
verse Ising model, which is attached through a bosonic
reservoir with Γabs = 0.5. In case of decoherence, we
again compare five situations – when there is no noise
in the system, and when a single spin, or two, or three,
or all the spins are affected by bit-flip noise. With a
sharp contrast to the Markovian noise, we report here
that in the charging process, the amount of work stored
increases with the increase of noise in the system, both in
the transient and the steady-state regime. We find that
there is no existence of crossover time, as obtained in the
Markovian scenario and in the entire evolution-time, t,
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Figure 7. (Color online.) Trends of Pins (ordinate) with time
(abscissa). One should compare the behavior of Pins in the
non-Markovian domain with the Markovian one in Fig. 3. All
other parameters are same as in Fig. 6.
we have
W(4) > W(3) > W(2) > W(1) > W(0), ∀t (20)
where the notations are the same as in Eq. (17) as de-
picted in the left panels of Figs. 6 and 7. It clearly shows
that the non-Markovian noise in all the four spins can
lead to higher storing capacity of energy in QB compared
to the low noise and noiseless cases, thereby showing the
usefulness to build noise-induced QB.
The discharging process also shows a remarkable im-
provement in presence of non-Markovian noise – ex-
tracted amount of energy and power of extraction in-
creases with the increase of noise as seen in the right
panels of Figs. 6 and 7 with Γdis = 0.5. Moreover, strong
effect of back-flow of information can be perceived from
the behaviors of work-gained and -extracted (Fig. 6).
Unlike Markovian regime, complete extraction of energy
from the battery is possible when all the spins are under
local bit-flip noise.
Markovian vs. non-Markovian dynamics. We have al-
ready seen that there is a clear difference between Marko-
vian and non-Markovian noise. To perform the compar-
ison more concrete, we now investigate the patterns of
work-gained and -extracted by changing the Ohmicity
parameter, s from 0.5 to 4, i.e., by sweeping the system
from Markovian to non-Markovian domain, when all the
spins are affected by local noise. Firstly, in the charg-
ing scenario, W increases faster with the increase of s
and the stored energy reaches its maximum value for a
certain time with s = 4. Quantitative analysis reveals
that the difference between stored energy with s = 0.5
and s = 4.0 is of the order of ≈ 0.2 when both of them
saturates. The second observation is the nonmonotonic
nature of W in the non-Markovian case which is absent
in the Markovian domain (Fig. 8). In case of discharg-
ing, noise induces the fast and high amount of extraction
of energy from the battery and again the work-extracted
monotonically increases with the increase of s. We make
the other observations below by fixing the Ohmicity pa-
rameter to be 4.
Dephasing noise vs. interaction strength. To study
the role of the direction of noise on the work-stored and
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Figure 8. (Color online.) Behavior of W (vertical axis)
against t (horizontal axis) for charging (left panel) and dis-
charging (right panel) processes. Different lines represent
work-gained (-extracted) for different Ohmicity parameter, s.
Dashed lines are for s = 0.5 and 1.5 representing Marko-
vian dynamics while the rest (solid) lines indicate the non-
Markovian ones. From figure, we clearly see the advantage
that one can gain with the introduction of non-Markovianity.
Other choices of parameters are same as in Fig. 6.
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Figure 9. (Color online.) Contour plot ofW (Γxdph)−W (Γzdph)
during the charging process with the variation of time (x-axis)
and λ (y-axis). The similar dependence can be found for the
Markovian case in Fig. 4. All other specifications are same
as in Fig. 6.
-extracted, we plot δadvx>z = W (Γxdph)−W (Γzdph) in Fig. 9
with the variation of time and λ (cf. Fig. 4) during charg-
ing of the battery. Comparing Fig. 4 with Fig. 9, we
find a difference between Markovian and non-Markovian
cases due to the nonmonotonic nature of work-output in
the later. Surely, if the initial state belongs to the param-
agnetic regime, unlike the Markovian case, the advantage
of local bit-flip noise over the phase-flip one, quantified
by δadvx>z, can be of the order of ≈ 0.05− 0.3.
Like the Markovian case, we also observe that system-
size does not play a role (after normalizing the Hamil-
tonian) in the storing-extracting process of QB in non-
Markovian regime, thereby again confirming the scale-
invariance feature. Moreover, we notice that bipartite
entanglement between spin 1 and 2 in presence of non-
Markovian noise collapses, then again revives during
charging as well as discharging and the amount of entan-
glement increases with the increase of Ohmicity parame-
ter. However, the pattern of entanglement cannot explain
the behavior of work-output. In particular, when bipar-
tite state is separable, we can still obtain stored energy or
extracted energy to be greater in case of non-Markovian
noise than the noiseless and Markovian ones.
V. DISCUSSION
Preparing an isolated system is essentially impossible
in laboratories and hence decoherence is one of the main
obstructions which reduce the performance of the de-
vices. The main reason behind such observations is that
all the quantum properties like entanglement, coherence
responsible for quantum advantage are fragile in the pres-
ence of noise. Therefore, designing quantum machinery
which is robust against noise has immense importance in
quantum technologies. We address this question in the
context of a storage device, especially for the quantum
battery.
We considered the ground or the canonical equilib-
rium state of an interacting spin-1/2 chain, specifically
a quantum XY model with a transverse magnetic field
as the initial state of the quantum battery (QB) which
is exposed to an environment. For storing energy, each
spin-1/2 particles of the battery are connected to bosonic
reservoir which acts as a charger. During the extraction
of energy from the battery, another set of bosonic reser-
voirs are attached to the system, which helps to dissipate
the energy. Moreover, some or all the spins are exposed
to a local noisy environment which is modelled as bit-
and phase-flip Markovian as well as non-Markovian noise.
Our aim was to find the consequence of noise on the per-
formance of the battery.
In general, we know that decoherence decreases the
physical property of the system, thereby reducing the ef-
ficiency of the devices. We usually see some exceptions
when the noise is of non-Markovian kind due to the mem-
ory effects. We reported here that even in presence of
Markovian, phase- and bit-flip noise, storing of energy in
the battery can be enhanced in the transient regime while
during the extraction of work from the battery, the dura-
tion of releasing the energy can be increased. The exact
condition for obtaining such improvement is analytically
found when QB consists of two spins. We then showed
that such increment persists even with more number of
spins in the battery. We found a crossover temperature
below which any initial canonical equilibrium state un-
der decoherence can outperform over the noiseless sce-
nario, although the ground state gives the maximum ad-
vantage. From numerical simulations, we identified the
proper range in the parameter-space where such noise-
induced work from the QB can be obtained. We ob-
served that the entire charging-discharging process can
be upgraded in presence of non-Markovian Ohmic noise
for the entire time period. Therefore, both in the tran-
sient and the steady-state regime, non-Markovian noise
can perform better than the Markovian as well as noise-
less cases. Since both the noise models considered here
can be realized in cold-atomic systems, we believe that
9such supremacy in quantum battery can be achieved in
the laboratory.
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Appendix A: Master equation: Dephasing Noise
acted on two spins of QB
Let us first consider the case when phase-flip noise acts
on both the spins independently. Starting with the initial
state as the ground state in Eq. (8), we have to solve Eq.
(7) to get the time-evolved two-qubit state, ρt at any
time instant t. To obtain the solution, we work with the
following coupled liner differential equations, given by
˙ρ11 = Γabs(ρ22 + ρ33)− J
2
ρ14,
˙ρ22 = Γabs(−ρ22 + ρ44)− J
2
ρ23,
˙ρ33 = Γabs(−ρ33 + ρ44) + J
2
ρ23,
˙ρ44 = −2Γabsρ44 + J
2
ρ14. (A1)
˙ρ12 = −2Γzdphρ12 + Γabs(−
ρ12
2
+ ρ34) + Im,
˙ρ13 = −2Γzdphρ13 + Γabs(−
ρ13
2
+ ρ24) + Im,
˙ρ14 = (−Γabs − 4Γzdph)ρ14 + Im,
˙ρ23 = (−Γabs − 4Γzdph)ρ23 + Im,
˙ρ24 = (−3Γabs
2
− 2Γdeph)ρ24 + Im,
˙ρ34 = (−3Γabs
2
− 2Γzdph)ρ34 + Im.
(A2)
Here ρij , i, j = 1 . . . 4 are the matrix elements of the 4×4
matrix of ρt and Im is the imaginary part of the matrix
elements. Interestingly, after solving differential equa-
tions, all imaginary parts vanish. Multiplying ρt with
HB in Eq. (9), only a few nonvanishing terms survive
and hence we can obtain W (Γzdph).
When dephasing noise in the the x-direction acts indi-
vidually on each spins, the master equation can be writ-
ten as
dρ
dt
= −i[HB , ρ(t)]
+ Γabs[(σ
+ ⊗ I)ρ(t)(σ− ⊗ I)− 1
2
{(σ− ⊗ I)(σ+ ⊗ I), ρ(t)}
+ (I ⊗ σ+)ρ(t)(I ⊗ σ−)− 1
2
{(I ⊗ σ−)(I ⊗ σ+), ρ(t)}]
+ Γxdeph[(σx ⊗ I)ρ(t)(σx ⊗ I) + (I ⊗ σx)ρ(t)(I ⊗ σx)− 2ρ(t)].
(A3)
Taking ground state as the initial state, the following cou-
pled differential equations can be obtained for diagonal
matrix elements,
˙ρ11 = Γabs(ρ22 + ρ33) + Γ
x
dph(−2ρ11 + ρ22 + ρ33)−
J
2
ρ14,
˙ρ22 = Γabs(−ρ22 + ρ44) + Γxdph(ρ11 − 2ρ22 + ρ44)−
J
2
ρ23,
˙ρ33 = Γabs(−ρ33 + ρ44) + Γxdph(ρ11 − 2ρ33 + ρ44) +
J
2
ρ23,
˙ρ44 = −2Γabsρ44 + Γxdph(ρ22 + ρ33 − 2ρ44) +
J
2
ρ14.
(A4)
and for off-diagonal ones,
˙ρ12 = Γabs(ρ34 − ρ12
2
) + Γxdph(ρ34 − ρ12) + Im,
˙ρ13 = Γabs(ρ24 − ρ13
2
) + Γxdph(ρ24 − ρ13) + Im
˙ρ14 = −Γabsρ14 + 2Γxdph(−ρ14 + ρ23) + Im,
˙ρ23 = −Γabsρ23 + 2Γxdph(−ρ23 + ρ14) + Im,
˙ρ24 = (−3Γabs/2− Γxdph)ρ24 + Γdephρ13 + Im,
˙ρ34 = (−3Γabs/2− Γxdph)ρ34 + +Γdephρ12 + Im.
(A5)
The notations are similar to those used in the phase-flip
noise. Again similar simplification leads to W (Γxdph).
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